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A FINITE DIFFERENCE SCHEME FOR THE APPROXIMATION OF THE THIRD
INITIAL BOUNDARY VALUE PARABOLIC PROBLEM*

BRATISLAV SREDOJEVIC!, ZORICA MILOVANOVIC JEKNICE, AND DEJAN BOJOVICS

Abstract. We investigate the convergence of difference schemes that approximate the third initial boundary
value problem for parabolic equations with time dependent coefficients. An abstract operator method is developed
to analyze this equation. An estimate of the rate of the convergence in a special discrete W21 1/2

compatible with the smoothness of the solution is obtained.
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1. Introduction. For a class of finite difference schemes (FDSs) that approximate the
parabolic boundary value problems (BVPs) with generalized solutions, convergence rate
estimates compatible with the smoothness of the data

—k s—k
HU’ - UHngC’k/z(Qh,r) < C (h‘5 k +72 ) Hu||W;’b/2(Q)a S 2 kv

are of particular interest, where u = u(x) denotes the solution of the BVP defined on the
space-time domain (), v denotes the solution of the corresponding FDS defined on a finite

difference mesh @y, h and 7 are the discretization parameters, W;f /2 (Qn-) is the Sobolev
space of mesh functions, and C' is a positive generic constant, independent of h, 7 and w.
A standard technique for establishing estimates of this types (see [9, 16, 20]) is based on
the Bramble-Hilbert lemma [6, 8]. In the case of equations with variable coefficients, the
constant C' in the error bounds depends on the norms of the coefficients, as examined in
[1, 2,9, 16]. One-dimensional parabolic problems on the domain @ = (0,1) x (0,7, are
studied in [3, 4, 12], while 2D parabolic problems on the domain @ = (0, 1)? x (0,7') with
variable coefficients (but not time-dependent) are considered in [4, 13]. A parabolic problem
with time-dependent coefficients is investigated in [5, 17, 18, 19].

For the BVPs with an oblique derivative boundary condition, a loss of a half order in the
convergence rate (usually O(h®/2)) is often observed. It is caused by the approximation of
the boundary condition. Nevertheless, improvements were obtained in some cases, mainly for
elliptic problems, as in [7, 11]. A type of parabolic problem in the two space dimensions with
variable coefficients (but not time-dependent) is studied in [10].

In this paper, an error bound in the discrete W21 /2 horm is obtained under minimal
smoothness assumptions on the data. It demonstrates second order convergence in the spatial
discretisation parameter h and first order convergence in the temporal discretisation parameter
7 for the FDS approximating an initial boundary value problem (IBVP) for a parabolic equation
with time-dependent coefficients and an oblique derivative boundary condition.
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2. Formulation of the problem. As a model problem we consider the following third
initial-boundary value problem for a parabolic equation in Q = 2 x (0,T) = (0,1)% x (0,T)
with variable coefficients:

Gt Lu=f  (2,t)=(z1,22,1) €Q,
2.1) Iu =0, (z,t) €T x (0,T) = 89 x (0,T),
u(z,0) = up(z), €.

where

2

0 1o}
Lu:=— Z 8731 (aija;é) Z a” cos v, ;) + ou

i,j=1 i,j=1

and v is the unit outward normal to I'. We assume that the condition of strong ellipticity is
satisfied:

a;; = a;;(z,t) = aj, a=a(z),

2 2 2 =
oD i1 & < 2i o gy <1y, & v €Q, VEER? ¢ = const. >0,
ap < a(z) < aq, o; = const. > 0.

Let us define I' = U?_; Ut_, Tk, where Ty, = {k} x [0,1], T'a, = [0,1] x {k}, and
Yk = Iy x [0, T]. We also assume that the generalized solution of the problem (2.1) belongs
to the Sobolev space W23 3/ 2(Q), while the data satisfy the following smoothness conditions

aij c W22+€’1+E/2(Q)7
a e WiTy),

ae (),

Fewy Q).

Ug € WQQ(Q)

3. Finite difference approximation. Let n,m € N,n > 2, m 271, h = 1/n, and
7 = T'/m. We consider the uniform spatial mesh @ with mesh size h on 2 and the uniform
temporal mesh &, with mesh size 7 on [0, T]. We also define

w=wN, wr =w,N(0,T), w-

=

n[o,T), wli =w, N(0,T],

y=wnT, Yik = @ N Lig,
Yire = {T € Yix : 0 < w3_; < 1}, Yir = {7 €3k : 0 < w5y < 1},
vk ={z €y 0 <a3_; <1}, Yk = Vik N Viks
v =5~ AUi ik} Tik = Yik X W), Tik = Yik X Wi,

where i = 1,2,k = 0,1, and Qp, = @ X @5.
The finite difference operators are defined in the usual manner [15]:

Vg, = (v“ —v)/h, vz = (- v*i)/h, vy = (0 —v)/7, vi=(v—20)/T,

where v*(z,t) = v(x %+ he;, t), e; is the unit vector of the axis ;, 9(z,t) = v(x,t +7), and
o(x,t) = v(x,t — 7).
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We also define the Steklov smoothing operators with step sizes h and 7 [16]:
1
T f(z,t) = / f(@+ ha'e; t)da' =T, f(x+ he;,t) = T, f(z + Le;, t),
0
1
Tfif(gc,t) = 2/ (1 —2")f(x &+ ha'e;))dx’, i=1,2,
0

1
T f(x,t) = / fle, t+7thYdt =T7 f(x,t +7) =Tif(z,t + ).
0

These operators commute and transform derivatives into divided differences. For example,

ou ou 92u
+ o _ _ 5 B o
Ti <81}1> = Ug;, T‘z <8IZ> = Ugzg;, T‘z ((95612) = Uz, ;5 1= 1,27

ou _{0u
Tt+ <8t> = Ut, Tt (at) = Ug.

We approximate the IBVP (2.1) by the following implicit FDS:

vi+ Lyv = f, r€wn, teuwt
3.1 -
v(z,0) = ug(x), T € w,
where
1 2
T2 Z [(aijvzj)ji + (aljvij)w:| ) S w,
i,5=1 ‘
2 a11+a1+11 Vzy +Vz, ~
o\ B} Vg, — a1272 +av) — (algv@)wl
1 1
- (a2111x1)i2 -3 (@203:2)552 -3 (azzvm)gjz ) T € 710,
2[ ann+ aﬂl aso + a§'22
Lyv = E - D) Vg, — A12Vg, — A21Vgz; — D) Vgq
+(C~V1 + dz)v , T = (070),
20 a1 + af! ago + a72
E - Tllv:rl — 012Uz, + a21Vz, + %052
—|—(d1 + 5[2)11 -2 (algv@)ml -2 (CL21’UI1)E2 R T = (O, 1).

Analogously, at the other boundary nodes z € v \ 710,
TRT3T; f, € w,
f=T*1 1§, T € ¥,0.5F0.5
TETZET,f, 2= (05F0.5,0.5F0.5) € %,
and
d:Tg2 0, T € vio Uit i=1,2,

& =Ta, ze~*, 2,=05F05 i=1,2
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4. Error analysis. Let u be the solution of the}BVP (2.1), and let v denote the solution
of the FDS (3.1). The error z = u — v is defined on @)}, and satisfies the following conditions:

i+ Lpz=17, z€w, tE€wS

T

“.1)
z(z,0) =0, T €,
where
2
G+ Y M T € w,
ij=1
b=4 - 2 2 ) i 2

&+ E7711 + Emz + No1,z, + N22,3, + EC’ T € 710,
z 2 2 2 2 2
A POt WA Sl = (0,0).
&G+ AL + 7, 2 + 7, 21 + h7722+ h(Cl + (), x=1(0,0)

Analogously, at the other boundary nodes x € v \ 7;,, we have

¢ =u—TiT}u, T € w,
€ =u— T, T € Y3-4,0.5F0.55
£ =u—THTHq, x=(0.5F0.5,0.5F 0.5) € 7,

_ ou 1 o
Nij = Ti+T??7iTt (aij 6) D) (aijugcj + a;;-zu;;), T Ew,
Ty

+i
I S ou ai; + a;; _
M = T 153715 (aiiax) I U T € Y3_4,0.570.5
3

ou
+ 24— —
TmT5 T, (ai’3_i5$3- — @ 3—iUzs_;, T E V3_;0
~ —1
i,3—i = P
+ 2= e U +i ot -
;71351 <ai,3i8x3 ) Q3 Uz, s TE V341>
—1
and

¢ = (TPa)u — TPTy (o), T € Y3-i,0 Uys—i1,
G = (T**a)u — THT (au), z€~*, x;=05F0.5.
We define the following discrete inner products:
[, w] = 12 5 e, v(@)w(@) + B Yaey sy v(@)w(@) + I ey v(@w(@),
[, 0)i = B2 ety V@w0(@) + 5 Yo e v(@w(@),
Wyl = B2 i, V@ w(@) + 5 Yoes x| v(@w(@),

[U7 w) = h2 ZwaU’y;OUfy;O ’U(x)w(]")7
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(’U, ’LU] = h,2 ZmGwU’YﬁUV; ’U((E)'Ll)(x),
[0, 050 = h Y ey, V(@)W (@) + 5 Y v(@)(@),
,w),~ = h3,e,- v(@)u(),

and the following norms:

B = el (02 = o) o) = el [0l2 = [0.0), o] = (0.0],
0y = 1 + [0 3 + e

DI, = ool B2 = Ron)s 02, = h e, v2(@).

02 172, = B Saren e 222201

ik

|[”H2 Wi () =|v |2 W22 (y 7)+|[ ”ifk’

H”Héi/;/?(v;k) = |U|W21/z(7fk) + them (xa,,i1+h/2 + l—zg,li—h/Q) ”2(95)7
W12 =73 e (1), |WIEhr =7 Xpewr WEDIE,

Oik th6w+ HU( ) Tik T2t6w+ H ( )]
|[ Hi (w 1/2( ;k)) :thewi |[ ( )H2 1/2( *)

2 _ 2 [[o(-,8)—v ()]
|U|W1/2(w La(@)) =T Zm'ewmt'#t (t—t')2 )

ol

Swr 1 2

0120 ooy = P20, oy + 7 Dt (572 + 7=rizm) [0 2,
|[U] Lo (wi , W(@)) = TZtij HU(,t ]‘Wzl(a;y

2 2 2
|[ ]| |[ ]Lz(w-,— Wl(w)) + |U|W21/2(<DT,L2(LZ')).

Wy (Qnr)

We shall prove a suitable a priori estimate for the FDS (4.1) which will be used to estimate
its convergence rate.

The following lemma from [10] holds.
LEMMA 4.1. Letw € W3 (T';), 0 < r < 0.5. Then

+ —1/2
Tl < COR T2 wlwg -
Let us rearrange the terms in the truncation error 1 in the following manner:

Mij = Nij + i E=¢+¢, £=¢+¢%,
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where
h 0 ou
L=+ =TT ——— | ay— 3—i,0.5F0.5
U 37 t (81’3_1‘ (a 8%)) ) TEY3 ,0.5F0.5,

h 0 ou h 0%u
fe =+ -TrT7 | — (a; 53— 177 (a;3_;——
Ni,3—i gti Tt <3x3_i <a ,3 (9x3_i>) + 5ti Tt a;i,3 5$§,i

h 0 ou
T, (— (aig—i =— ) ), 2 €73 ;
+ 5 i 1t <81:1- (a 3 81?3—1‘)) T € Y3-i,0.550.5

h ou
g’ =T 3 T32_i (8%) , T € Yi,0.5F0.5;

h ou h ou
oo T2 = F T — = (0. 5, 0. . *,
3 T3 12 <8x1>:’:3 v\, ) z=(0.5F0.5,05F0.5) €~

Using the boundary condition in (2.1), we further obtain
&= Ni,z5_; + i + Vi, T € V,0.5F0.5

where

h _ [ aiz3—;i Ou
N =+-T5 T, Lt I
3 3—itt ( (0271 8t>

h 2 _ 0 A 3—4 ou
L= T T } -
w0 (g (%) 5):

h _ [ a du
w= -yt (35

Similarly, for z = (0, 0), we obtain

L2 2 2 2
5{:EM—EA1+/L1+V1+E)\2—E/\2+M2+V2,

where A1 and )\ are the same as before and

h A; 34 au
A= T
' 3 ¢ < (077 8t) ’

h _ 0 a;3—; \ Ou
i e T2+vT v 7,3—1 v
H 3 3—itt (821?3_1‘ < (0271 ) 6t) ’

h a Ou
=TT —=—
Vi 3 3—itt (a”- 8t) ’

with an analogous representation at the other nodes of v*.



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

348 B. SREDOIJEVIC, Z. MILOVANOVIC JEKNIC, AND D. BOJOVIC

The following a priori estimate from [10] is valid.
THEOREM 4.2. The finite difference scheme (4.1) is stable in the sense of the a priori
estimate

el o0y < O M6l cacon + 3 e + 3¢

Oik
i,j=1 k=0 i=1
1 2
+hz Z |[77”||L2(WJr Wl/Z(VE_i,k))
k=01,7=1
2
4.2) 0D D Al 220
k=0 1=1
1 2
S Ui+ 0le)
k=0:=1
NS 3 D{SER IR

i=lxey*

In accordance with Theorem 4.2, the problem of deriving a convergence rate estimate for
the FDS (3.1) is reduced to estimating the right hand side terms in the inequality (4.2).

Let us assume that 7 < h?, i.e., coh? < 7 < c3h? for some positive constants ¢y and c3.

The following estimates for the terms (;, ¢ and v; are proved in [10]:

1Gillr < Chllolyarae, o lully 7z o)
@3) 1<l < CR2llallyyorar, o lullyzarz g
|[villou < Chllullyz.a2q)-
Let us estimate the term 7);; at the internal mesh nodes. We decompose
Nij = Mij,1 + Mig,2 + Mij,3,
where

_ ou _ _Ou
mija =T, T3, T, (a”jaxv) — (T T3 T, aij) (T+T3 il 5 )
J

» 9
nij2 = [T T5_ Ty ai; — 0,5 (a;; + a;.;’)] <T+T3 ZT—a“ )

i _ 8
Nij,3 = 70’ 5 (G,,Lj + CL:;) {T+T3 7’11 a UTJ} .
The term 7,1 is a bounded bilinear functional of the argument
(aij,u) € W2 (e) x Wi (e)

where

e=e(z,t) = {(2],ah,t') 1 x; < x) <xi+h|rs_;, —x3_i| <ht €t—1,)}
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Further, 7,;,1 = 0 whenever a;; is a constant or u is a polynomial of degree one in x; or 3 or
a constant. By applying the Bramble-Hilbert lemma [6], we get:

“4.4) |77ij,1(xa t)] < C|aij ‘Wi 120 |’U,|W42 e -
The term 7);; 2 is a bounded bilinear functional of the argument

1,1/2
(aij,u) € Wit (e) x Wzd/(/Q—z)(e)’ g=2+e.

Further, 7;; 2 = 0 whenever a;; is a polynomial of degree one in x; or x2 or constant or u is
a constant. The application of the Bramble-Hilbert lemma allows one to get the following
estimate:

(45) |77ij,2(x»t)‘ g C|G,7;j|qu,1(e)‘u|W1,1/2 (e)’

2q/(q—2)

The term 7);5 3 is a bounded bilinear functional of the argument (a;;, u) € C(Q) x W23 3/2 (e).

Further, 7;;,3 = 0 whenever u is a polynomial of degree two in 1 or z2 and polynomial of
arbitrary degree in ¢. By using the Bramble-Hilbert lemma, we get the following estimate:

(4.6) mi5,3(x, ) < Cllaijllcgylulys o2, -
From the estimates (4.4), (4.5), and (4.6), after summation and using the Sobolev imbeddings

W22+6,1+€/2 c W41’1/2,
W c wt
W22+s,1+s/2 C qu,l,
W W
forg=2+c¢, W22+€’ 1+e/2 C, we have:

1/2

Th2 Z Z 771‘2]‘ S ChQ‘laij‘|W§+5,1+5/2(Q)||U||W23,3/2(Q).

tEwi rewUvy,0
At the boundary nodes, 7;; can be decomposed in the following manner:
N = Nii,1 + Mii2 + Mii,3 + Nid,4s T € Y3_; 05705

where

ou ou
_ e +— +p—
niin =1; T} <an‘ 8951) — (77T aw) (Ti Ty 8%) ;

_ Qg + a;i _Ou

_ag +aft L Ou L Ou
o= () - ()

ou ou
+ — —
oo =TT (ot ) =07 (0 )

h 0 ou
T (— (ai— ) ).
+ 3¢ t (81'31 (Cl” 8:&))
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The term 7111 is a bounded bilinear functional of the argument

(alhu) € qu’l/z(BQk) X W23q//2(7q3_/;l) (62k,)7 q > 27

where eg, = (21,21 + h) x {k} x (t — 7,t), k = 0, 1. Further, 7111 = 0 whenever a1,
is a constant or u is a polynomial of degree one in x; or x5 or a constant. By applying the
Bramble-Hilbert lemma, we get the following estimate:

|7711’1(1',t)| < C\a11|W;,1/2(62 )|U|W3/2,3/4

k 20/(a~2)(€2%) |

After summation, using the trace theorem [5] and the following Sobolev imbeddings

W§/2’3/4 c qu,1/2’

5/2,5/4 3/2,3/4
Wy C Wagj(g 2y

we obtain
1/2
(47) Th2 Z Z 7’]%171 < Ch2||a11||W23/2‘3/4(22k)||uHW25/2’5/4(22k)
tewd TEYVqy

2
< Ch ||a11||W22+e,1+6/2(Q)||uHW23.,3/2(Q).
The term 711 2 is a bounded bilinear functional of the argument

1,1/2
(a11,u) € W33 (eq) x Wy 12 (ear), g > 2.
Further, 7711 2 = 0 whenever ay; is a polynomial of degree one in x; or x5 or a constant or u
is a constant. The following estimate are obtained by means of the Bramble-Hilbert lemma:

|771112(.’E,t)| < C|a11|W;/2’3/4(ezk)|u|W214/1(/q272)(62k) .

After summation, using the trace theorem and the imbedding W25 /2.5/4 W211;/1(/q2_2)

obtain

we

1/2

Th2 Z Z 77%172 < Ch2||a11||W23/2,3/4(22k)||uHW25/2,5/4(2%)

tewd zev;,

< Ch2||a11||W22+5,1+5/2(Q)||UHW23,3/2(Q).
The term 711 3 is a bounded bilinear functional of the argument
(a11,u) € C(@Q) x W3* ¥ (ey).

Further, 1113 = 0 whenever u is a polynomial of degree two in 1 or x2 and a polynomial of
degree one in t. By applying the Bramble-Hilbert lemma, we get the following estimate:

mus(z, )] < Cllanllegylulyzrz 54

ear)
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. . . . 2+e,1+¢€/2 .
After summation, using the trace theorem and the imbedding W, C C we obtain
1/2

A > i < Ch?lanlleg)lully 525045,

tewt z€vs,

< Ch2Ha11HW22+5,1+€/2(Q)Hu||W23,3/z(Q).

The term 711 4 On Y5, is a bounded linear functional of w= a1 aa—;l eW2'(e), where
e = (z1,21 + h) x (0,h) x (¢t — 7,t). Further, 11,4 = 0 whenever anaa—;‘l is a polynomial
of degree one in x; or x2 or a constant. By applying the Bramble-Hilbert lemma, we get the
following estimate:

ou

| <C —_—
|7711,4(3?, )| S an@xl

w3 (e)
After summation and using properties of multipliers in Sobolev spaces, we obtain

1/2

Y > nhia | <Cw

tewt zevy,

ou
115 —

8:}51

w3 Q)

< Ch2Ha11HW22+5,1+5/2(Q)HU||W23,3/2(Q).

Putting e = (z1,21 + h) x (1 — h,h) x (t — 7,t), we have analogously

1/2

(4.8) Y > nh | <Cw?

tewt zevy,

ou
a11 53—

8],‘1

w3 (@)
< Ch2 Ha11 HW22+6,1+5/2(Q) Hu||W233/2(Q)
From (4.7)-(4.8), we have

1/2

(49) Th2 Z Z ’17%1 < ChQHCL11||W22+e.1+e/2(Q)||U||W23,3/2(Q).

tewd TEYHUYa
An analogous estimate holds for the term 725:

1/2

(410) Th2 Z Z 77%2 < Ch2|\a22||W§+s,1+e/2(Q)||u||W23,3/2(Q).

tewd z€y,Ur
Similarly, at the boundary nodes 7; 3_; can be decomposed in the following manner:
Ni,3—i = Mi,3—i,1 T 10i,3—4,2 + 1i,3—4,3 + 1i,3—i,4, T E Y34 05705

where
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ou ou
+ 2 +—
i3_i1 =TT T, a;3_; — | =TT, ;35 ———
7i,3—1, i L34y < .3 181‘3,i - i,3 18153—1‘

h 0 ou
2T (5 (s — ) ),
+ 3 g ¢ (8563_1' (a 3 8333_1‘)>

_ ou _ ou
Nis—io =TT, (ai,?,—i ) - T (%3—1‘ )

03 03

[ ) ou
b (2 ).
_ _ ou 4 ou h + = 0%u
Mi,3—i,3 = @j,3—i |:Tt (81'3—1') - T37i (8x3_i> * 2 T; Tt (aq’%—i 7

h e 0%u + - u
R 1 Gl O =) R o)

To estimate the term 77,2, we apply the same technique as for the term 771 4:

1/2
(411) Th2 Z Z 7’]%271 < Ch2||a12||W22+<,1+e/2(Q)||U||W§,3/2(Q)
tewt zevg,
and
1/2

Th2 Z Z 773272 < Ch2Ha12|\W§+g,1+e/2(Q)Hu||W23,3/2(Q).

tewt z€vs,

The term 712 3 is a bounded bilinear functional of the argument
(a12,u) € C@) x Wy */*(e).
Further, 712,35 = 0 whenever u is a polynomial of degree two in 1 or 2 or a polynomial of
degree one in ¢t. By applying the Bramble-Hilbert lemma, we get the following estimate:
me,a(z, )] < Cllarzllecg) lulyz o2, -

After summation and using the imbedding W2 /2 ¢ C(Q), we obtain

1/2

Th2 Z Z 77%273 g Ch2Ha12|‘W22+s,1+e/2(Q)HU||W23,3/2(Q).

tewt z€vs,

The term 752 4 can be estimated directly. Let us set x = (x1,0) € 75,. We have the
representation

t Cq
h 2 ! b 9?2
Maalar, 0,6) = 5 / ( Jj;) //ac;lf(x'l’,o,t')a—;(x’l,o,t’)dx’l’dt’dx’l.

[\] V)
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Hence, for ¢ = 3,
1/2

2 2 2
(4.12) Th Z z N2 | <Ch ||a12||qu>1/2(g%)||“||W2};}{§72)(22k)
tewt zevs,

< Ch2”a12”W§’/2’3/4(22k) ||u||W25/2,5/4(22k)

< Ch2||a12||w22+e,1+e/2(Q) ||U||W;3/2(Q)

From (4.11)—(4.12) we have
1/2

(413) Th2 Z Z 1’}%2 < C’h2|\a12||W22+6,1+5/2(Q)||u||W23,3/2(Q).

tewd z€vzUvs,
An analogous estimate holds for the term 7;:
1/2

(414) Th2 Z Z 77%1 < ChQHCL21||W22+e.1+e/2(Q)||U||W23,3/2(Q).

tewd TEY1 oYU

In such a way, from (4.9), (4.10), (4.13), and (4.14) one obtains
(4.15) i llinr < Ch? [laijllyzee veer2 ) lull 372 -

Let us now estimate |[n} | Lo(w By using Lemma 4.1, we immediately obtain

FoWa 2 (v30))"

T; — | a1 =—
8352 31‘1 W21/2(F20)
0 ou
T | — — .
! <3$2 (anafEl))ng(m

1
1Flza0.0) < C'/2 og — | Fll /2

/
<
|7711|W21/2(72’0) < Ch

< Ch

Using the inequality [14]

(0,1)’

we obtain

1 1 ;N2
h Z_ (331 +h/2 + 1—xq — h/2> (1)
wE’YzO
_ 0 ou
Tt (axz <a“ %))
_ 0 ou
T (axz (a” axl))

1 2
< Ch?log =
ogh‘

1/2 h—
Wz/ (T'30)

2

)

1
< Ch?log — ‘
h W2 (Q)

and
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h) (m +1h/2 * 1—9:11— h/2> (r)”

mé’ygg
_ 0 ou

From the obtained inequalities, summing over the mesh w7, and using properties of multipliers
in Sobolev spaces, we immediately obtain

2

< Ch? log3 —

1
h

wi@)

3/2
1510t w2y S OB (08 7) 7 llavllyzeeaerz g lullygore q)-

Analogous estimates holds for the other 7;;, so we have
@16) [l < Ch (log )** Jlaus| Jul

. Nis L2(WT’W21/2(’73_,1-,1C)) < 0og 3, Qg5 wEte1e/2 () u W2/2(Q)
and
1) il i < Ch(10g )™ llasa—i| el

M=l W32 (g ) S &h pazillwgrerezQ) w1 2(@)r

By using an analogous technique as in [10], we have the following estimates for the terms &,
i, AF and

[5]‘{)]’/21/2(5,7’[,2(@)) < Ch® IOg% ||aij||W22+5=1+5/2(Q)||u||W;«3/2(Q)7
3/2
||/\i||L2(me21/2("/;C))< Ch (log %) (”aiiHW;*'E’HEN(Q)

Fllaiz—illyzeensers ) ) lullyyzare g

(418) H)\:HT < C’h||al-73_i|\W§+5,1+5/2(Q) HUHW;’WZ(Q)’

il < O (Nl zoe v

sl gy

From (4.2), (4.3), (4.15)—(4.18), we obtain the following result.
THEOREM 4.3. Let the assumptions from Section 2 hold and let T < h®. Then the

FDS (3.1) converges in the norm VV21 172 (Qnr) and the following convergence rate estimate
holds:

w2

3
< Ch* (log 7;)* <1  max|laij |y zee ez ) + max 0‘||W23/2(Fi,€)) lallyy.572 g
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REMARK 4.4. Note that the obtained error bound is “almost” compatible with the

smoothness of the data (up to additional logarithmic factors).

REMARK 4.5. Assuming that the generalized solution of the problem belongs to the

s,8/2

Sobolev space W, (Q), 2.5 < s < 3, an estimate of the convergence rate of the finite
difference scheme for the parabolic problem with variable coefficients (but not time-dependent)
is obtained; see [10].
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