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THE STABILITY OF SPLIT-PRECONDITIONED FGMRES IN FOUR PRECISIONS∗

ERIN CARSON† AND IEVA DAUŽICKAITĖ†

Abstract. We consider the split-preconditioned FGMRES method in a mixed-precision framework, in which
four potentially different precisions can be used for computations with the coefficient matrix, application of the left
preconditioner, application of the right preconditioner, and the working precision. Our analysis is applicable to general
preconditioners. We obtain bounds for the backward and forward errors in the split-preconditioned FGMRES method.
Our analysis further provides insight into how the various precisions should be chosen; under certain assumptions, a
suitable selection guarantees a backward error of the order of the working precision.
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1. Introduction. We consider the problem of solving a linear system of equations

(1.1) Ax = b,

where A ∈ Rn×n is nonsymmetric and x, b ∈ Rn. When A is large and sparse, the iterative
generalised minimal residual method (GMRES) or its flexible variant (FGMRES) are often
used for solving (1.1); see, for example, [16]. In these and other Krylov subspace methods, pre-
conditioning is an essential ingredient. Given a preconditioner P = MLMR, the problem (1.1)
is transformed to

M−1L AM−1R x̃ =M−1L b, where M−1R x̃ = x.(1.2)

Note that a particular strength of FGMRES is that it allows the right preconditioner to change
throughout the iterations. Although for simplicity, we consider the case here where the
preconditioners are static, our results could be extended to allow dynamic preconditioning.

The emergence of mixed-precision hardware has motivated work in developing mixed-
precision algorithms for matrix computations; see, e.g., the recent surveys [1, 10]. Modern
GPUs offer double, single, half, and even quarter precision, along with specialized tensor
core instructions; see, e.g., [14]. The use of lower precision can offer significant performance
improvements, although this comes at a numerical cost. With fewer bits, we have a greater
unit roundoff and a smaller range of representable numbers. The goal is thus to selectively use
low precision in algorithms such that performance is improved without adversely affecting the
desired numerical properties.

Mixed-precision variants of GMRES and FGMRES with different preconditioners have
been proposed and analyzed in multiple papers. Arioli and Duff [4] analyzed a two-precision
variant of FGMRES in which the right-preconditioner is constructed using an LU decomposi-
tion computed in single precision and applied in either single or double precision and other
computations are performed in double precision. They proved that in this setting, a backward
error of the order of double precision is attainable.
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The authors of [13] develop a mixed-precision variant of left-preconditioned GMRES
in a mix of single and double precisions, requiring only a few operations to be performed
in double precision. Their numerical experiments show that they can obtain a backward
error of the level of double precision. Variants of left-preconditioned GMRES using various
numbers of precisions have been analyzed as inner solvers within GMRES-based iterative
refinement for solving linear systems of equations; Vieublé [17] analyzed left-preconditioned
GMRES in four precisions with a general preconditioner, following the earlier works [6]
and [3], which analyzed left-preconditioned GMRES with an LU preconditioner in two and
three precisions, respectively. In general, different precisions can be used for computing
the preconditioner, matrix-vector products with A, matrix-vector products or solves with the
general preconditioner(s) and the remaining computations. We refer the readers to the recent
surveys [1, 10] for other examples.

The structure of some problems and/or application requirements makes it desirable to
construct and apply a split-preconditioner rather than left or right ones alone. For example, the
condition number of a split-preconditioned matrix can be significantly smaller than when the
same preconditioner is applied on the left [7, Section 3.2]. Such preconditioning is usually
used for symmetric problems solved via short-recurrence symmetric solvers such as MINRES.
However, MINRES may be inferior compared to GMRES when a high-accuracy solution for an
ill-conditioned problem is required [7]. We also emphasize that analyzing split-preconditioning
provides a uniform framework for analyzing cases with full left- or full right-preconditioning.
The stability of split-preconditioned GMRES and FGMRES has not been analyzed in either
uniform or mixed precision. The work [5] showed that uniform precision FGMRES with a
specific right-preconditioner is backward stable while this is not the case for GMRES and that
FGMRES is more robust than GMRES. We thus focus on split-preconditioned FGMRES in
this paper and develop a mixed-precision framework allowing for four potentially different
precisions for the following operations: computing matrix-vector products with A, applying
the left-preconditioner ML, applying the right-preconditioner MR, and all other computations.

FGMRES computes a series of approximate solutions xk from Krylov subspaces to (1.1).
The Arnoldi method is employed to generate the basis for the Krylov subspaces like in GMRES,
but FGMRES stores the right-preconditioned basis as well. The particular algorithm is shown
in Algorithm 1. Our analysis considers general preconditioners, only requiring an assumption
on the error in applying its inverse to a vector, and is thus widely applicable.

The paper is outlined as follows. We bound the backward errors in Section 2 while also
providing guidance for setting the four precisions such that a backward error to the desired
level is attainable. To make the results of the analysis more concrete, in Section 3 we bound the
quantities involved for the example of LU preconditioners and then present a set of numerical
experiments on both dense problems and problems from SuiteSparse [8]. In Section 4 we
make concluding remarks.

2. Finite-precision analysis of FGMRES in four precisions. From the Rigal-Gaches
Theorem (see [9, Theorem 7.1]), the normwise relative backward error is given by

min{ε : (A+ ∆A)xk = b+ ∆b, ‖∆A‖ ≤ ε‖A‖, ‖∆b‖ ≤ ε‖b‖} =
‖rk‖

‖A‖‖xk‖+ ‖b‖
,

where rk = b − Axk. We aim to bound this quantity when xk is the approximate solution
produced by Algorithm 1. To account for various ways in which the preconditioner can be
computed and some constraints on A resulting in the need for different precisions, we assume
that
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Algorithm 1 Split-preconditioned FGMRES for solving (1.1) in four precisions.
Input: matrix A ∈ Rn×n, right-hand side b ∈ Rn, preconditioner P = MLMR, maximum
number of iterations maxit, convergence tolerance τ , precisions u, uA, uL, and uR
Output: approximate solution xk

initialize x0
t = Ax0 . uA
t(p) = M−1L t . uL
b(p) = M−1L b . uL
r0 = b(p) − t(p) . u
β = ‖r0‖; v1 = r0/β . u
k = 0; convergence = false
while convergence = false and k < maxit do

k = k + 1
zk = M−1R vk . uR
s = Azk . uA
w = M−1L s . uL
for i = 1, . . . , k do

hi,k = vTi w . u
w = w − hi,kvi . u

end for
hk+1,k = ‖w‖ . u
Zk = [z1, . . . , zk]; Hk = {hi,j}1≤i≤j+1;1≤j≤k
yk = arg miny ‖βe1 −Hky‖ . u
if ‖βe1 −Hkyk‖ ≤ τβ then

xk = x0 + Zkyk . u
t = Axk . uA
r = b− t . u
convergence = true

else
vk+1 = w/hk+1,k; Vk+1 = [v1, . . . , vk+1] . u

end if
end while

• computations with A are performed in precision with unit roundoff uA;
• computations with ML are performed in precision with unit roundoff uL;
• computations with MR are performed in precision with unit roundoff uR;
• the precision for other computations (the working precision) has unit roundoff u.

Note that when these precisions differ, some conversion between them is required. This may be
done implicitly or explicitly depending on the particular precisions and the underlying hardware
and software. We also highlight that in Algorithm 1, computing r0 requires computing
M−1L Ax0 and M−1L b separately instead of the usual M−1L (b − Ax0); the prior choice is
computationally more expensive, and we only do this to avoid the term u‖|M−1L ||ML|‖ in the
analysis. If x0 = 0, then M−1L needs to be applied only once.

Using the approach in [17], we assume that the application of M−1L and M−1R can be
computed in a way such that

fl(M−1L wj) =M−1L wj + ∆ML,jwj , |∆ML,j | ≤ c(n)uLEL,j ,(2.1)

fl(M−1R wj) =M−1R wj + ∆MR,jwj , |∆MR,j | ≤ c(n)uRER,j ,(2.2)
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where fl(·) denotes the quantity computed in floating point arithmetic, EL,j and ER,j have
positive entries, wj ∈ Rn, and c(n) is a constant that depends on n only. We define

Ã := M−1L A and b̃ := M−1L b

and assume that matrix-vector products with Ã can be computed so that

fl(Ãzj) = (M−1L + ∆ML,j)(A+ ∆Aj)zj .

Denoting

uAψA,j =
‖M−1L ∆Ajzj‖
‖Ã‖‖zj‖

and uLψL,j =
‖∆ML,jAzj‖
‖Ã‖‖zj‖

,

where here and in the rest of the paper ‖ · ‖ denotes the 2-norm, and ignoring the second-order
terms, we can write

fl(Ãzj) ≈ Ãzj + fj , where ‖fj‖ ≤ (uAψA,j + uLψL,j)‖Ã‖‖zj‖.

In the following, a standard error analysis approach is used, e.g., [9], and we closely
follow the analysis in [5] and [4]. The analysis is performed in the following stages:

1. Bounding the computed quantities in the modified Gram-Schmidt (MGS) algorithm
that returns

C(k) =
[
b̃− Ãx0 ÃZk

]
= Vk+1Rk,

where

V T
k Vk = Ik, Rk =

[
βe1 Hk

]
, and e1 =

[
1 0 . . . 0

]T
.

2. Solving the least-squares problem

(2.3) yk = arg min
y
‖βe1 −Hky‖

via a QR decomposition employing Givens rotations and analyzing its residual.
3. Computing xk = x0 + Zkyk.
4. Bounding ‖yk‖.

Throughout the paper, computed quantities are denoted with bars, that is, C̄(k) is the
computed C(k), and κ(A) = ‖A‖‖A†‖ is the 2-norm condition number of A. The second-
order terms in uA, uL, uR, and u are ignored. We drop the subscripts j for EL,j , ER,j ,
∆ML,j , ∆MR,j , ∆Aj , ψA,j , and ψL,j and replace these quantities by their maxima over all j.
It is assumed that no overflow or underflow occurs. We present the main result here and refer
the reader to Appendix A for the proof.

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

44 E. CARSON AND I. DAUŽICKAITĖ

THEOREM 2.1. Let x̄k be the approximate solution to (1.2) computed by Algorithm 1.
Under the assumptions (2.1), (2.2),

2.12(n+ 1)u < 0.01 and c0(n)uκ(C(k)) < 0.1, ∀k,(2.4)
|s̄k| < 1− u, ∀k,(2.5)

where c0(n) = 18.53n3/2 and s̄k are the sines computed for the Givens rotations and

(2.6) ρ := 1.3c13(n, k)‖MR‖
(
u‖Z̄k‖+ uR‖ER‖

)
< 1,

where c13(n, k) is defined in (A.4), the residual for the left-preconditioned system is bounded
by

(2.7) ‖b̃− Ãx̄k‖ .
1.3c(n, k)

1− ρ
(ζ1 + ζ2) ,

where

ζ1 := (u+ uL‖ELML‖) ‖b̃‖ and

ζ2 := (u+ uAψA + uLψL) ‖Ã‖
(
‖Z̄k‖‖MR(x̄k − x̄0)‖+ ‖x̄0‖

)
,(2.8)

and the normwise relative backward error for the left-preconditioned system is bounded by

(2.9)
‖b̃− Ãx̄k‖
‖b̃‖+ ‖Ã‖‖x̄k‖

.
1.3c(n, k)

1− ρ
ζ,

where

(2.10) ζ :=
ζ1 + ζ2

‖b̃‖+ ‖Ã‖‖x̄k‖
.

We expect (2.9) to be dominated by ζ2, mainly due to the term ‖Z̄k‖‖MR(x̄k − x̄0)‖.
As observed in [4, 5] and in our experiments (Sections 3.1–3.3), ‖Z̄k‖ remains small in
early iterations but can be large if many iterations are needed for convergence. We expect
the quantity ‖MR(x̄k − x̄0)‖ to aid in partially mitigating the size of ‖Z̄k‖, so that ζ2 still
gives good guarantees for the backward error. Note that if we were to obtain ‖Ã‖‖x̄k‖ in
ζ2 by using ‖MR(x̄k − x̄0)‖ ≤ ‖MR‖(‖x̄k‖ + ‖x̄0‖), then we would introduce the term
‖MR‖‖Z̄k‖. Depending on the preconditioner, ‖MR‖ can be close to ‖A‖, and for some
problems ‖MR‖‖Z̄k‖ can grow rapidly, thus making (2.9) a large overestimate. We comment
on how (2.7) compares with other bounds for FGMRES available in the literature in the
following section. The condition (2.6), the quantities ψA, ψL, and the role of different
precisions are discussed in Section 2.2.

The bound (2.9) can be formulated with respect to the original system, that is, without the
left preconditioner, using the inequalities

‖b−Ax̄k‖ ≤ ‖ML‖‖b̃− Ãx̄k‖ and ‖b‖+ ‖A‖‖x̄k‖ ≥ (‖b̃‖+ ‖Ã‖‖x̄k‖)/‖M−1L ‖.

Alternatively, we can use the fact that the relative backward error is bounded by the relative
forward error (see Section 2.3). We state the bound in the following corollary.

COROLLARY 2.2. If the conditions in Theorem 2.1 are satisfied, then the normwise
relative backward error for the system (1.1) is bounded by

‖b−Ax̄k‖
‖b‖+ ‖A‖‖x̄k‖

.
1.3c(n, k)

1− ρ
ζ min{κ(ML), κ(Ã)}.
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The condition number of the left preconditioner weakens the result, yet for some precondi-
tioners, κ(ML) can be expected to be small, for example when an LU decomposition is used
and ML = L. Note that a small backward error with respect to the preconditioned system and
small κ(Ã) implies a small backward error with respect to the original system.

2.1. Comparison with existing bounds. We wish to compare our result with the bound
in inequality (5.6) in [5] for FGMRES with a general right-preconditioner and the bound in
inequality (3.32) in [4] for FGMRES right-preconditioned with an LU factorization computed
in single precision. We set ML = I , u = uA; then uL = 0 and uAψA = u. The bound (2.7)
becomes

‖b−Ax̄k‖ .
1.3c(n, k)u

1− ρ
(
‖b‖+ ‖A‖

(
‖Z̄k‖‖MR(x̄k − x̄0)‖+ ‖x̄0‖

))
.

We thus recover the bound in [5, (5.6)] but ignoring the term u2‖x̄0‖ and with a slightly
different ρ. If we further set Γ = ‖MR‖

‖A‖ and use

‖MR(x̄k − x̄0)‖ ≤ ‖MR‖(‖x̄k‖+ ‖x̄0‖),

then our bound becomes

‖b−Ax̄k‖ .
1.3c(n, k)u

1− ρ
(
‖b‖+ ‖A‖ (‖x̄k‖+ ‖x̄0‖)

(
1 + Γ‖A‖‖Z̄k‖

))
.

The main aspect in which this bound differs from [4, (3.32)] is that in [4], the term Γ‖A‖‖Z̄k‖
is controlled by a factor depending on uR and the precision in which the LU decomposition
used as MR is computed. This comes from substitutions that rely on the specific MR when
bounding ‖ȳk‖. Thus, when more information on MR is available, reworking the bound for
‖ȳk‖ may result in an improved bound.

2.2. Choosing the precisions. We provide guidance on how the precisions should be
set when the target backward error is of order u. In our experiments we observe that the
achievable backward error is determined by u + uAψA + uLψL, and we hence ignore the
term ‖Z̄k‖‖MR(x̄k − x̄0)‖ in this section. We also note that because of the structure of the
former term, we do not expect the backward error to be reduced by setting uA or uL so that
uAψA � u or uLψL � u. The aim is thus to have u ≈ uAψA ≈ uLψL in (2.8).

• uA. The precision for computations with A should be chosen so that uA ≈ u/ψA.
Numerical experiments with left-preconditioned GMRES in [17] show that for large
κ(A) and κ(ML), the quantity ψA can be large and is driven by κ(ML). In such
situations uA � u may be required. If, on the other hand, κ(ML) is small, then
setting uA ≈ u may be sufficient.

• uL. Guidance for setting uL comes from balancing u ≈ uAψA ≈ uLψL and
u ≈ uL‖ELML‖. Based on the first expression, uL ≈ uAψA/ψL. Vieublé argues
that ψL ≤ ψA is likely, and if κ(A) and κ(ML) are large, then we may observe
ψL � ψA [17]. In these cases we can set uL ≥ uA and uL � uA, respectively.
The quantity ‖ELML‖ depends on ML and the error in computing matrix-vector
products with M−1L , which may be large for an ill-conditioned ML. In this case, we
thus may require uL ≈ u, which is consistent with the guidance for setting uA � u.

• uR. Our insight on uR comes from the condition (2.6) (see Sections 3.1–3.3 for
examples). It requires that ‖MR‖‖ER‖ � u−1R . Numerical experiments show that
condition (2.6) is sufficient but not necessary; note that a similar condition appears
in [4], and it is needed to express ‖ȳk‖ via ‖x̄k‖. We can obtain a less restrictive
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condition for uR by keeping ‖ȳk‖ but replacing ‖Z̄k‖ in (A.2). Using the triangle
inequality in (A.3) to bound ‖Z̄k‖, we obtain the term

(u+ uAψA + uLψL)‖Ã‖
(
‖M−1R ‖+ uR‖ER‖

)
‖ȳk‖.

Thus, as long as

‖ER‖
‖M−1R ‖

≤ u−1R ,

the choice of uR should not limit the backward error. ER depends on the forward
error of matrix-vector products with MR. If κ(MR) is large, then we may need a
small uR for the condition to be satisfied. When ‖MR‖ and κ(MR) are small, a large
value for uR may suffice. Note that these comments take into account the backward
error only and not the FGMRES iteration count.

2.3. Forward error. A rule of thumb says that the forward error can be bounded by
multiplying the backward error by the condition number of the coefficient matrix; see, for
example, [9]. Using (2.9) thus gives the bound

(2.11)
‖x− x̄k‖
‖x‖

≤ 1.3c(n, k)

1− ρ
ζκ(Ã),

where x is the solution to (1.2) and x̄k is the output of FGMRES. Note that the bound depends
on the condition number of the left-preconditioned matrix Ã. If κ(Ã) and ζ are small, then the
forward error is small too, and thus x̄k ≈ x. Then b−Ax̄k = A(x− x̄k) is small and implies
a small backward error with respect to the original system as previously noted.

The forward error bound can also be formulated with respect to the split-preconditioned
matrix Â := M−1L AM−1R as follows:

(2.12)
‖x− x̄k‖
‖x‖

≤ 1.3c(n, k)

1− ρ
ζκ(Â)κ(MR).

Note that (2.12) is weaker than (2.11) as κ(Ã) ≤ κ(Â)κ(MR). However, (2.12) may be useful
if κ(Â) and κ(MR) or their estimates are known and such information is not available for
κ(Ã). The bounds (2.11) and (2.12) suggest that guaranteeing a small forward error requires
controlling the backward error and constructing the preconditioners so that either κ(Ã) or
both κ(Â) and κ(MR) are small (depending on which condition numbers can be evaluated).
If A is ill-conditioned, then achieving a small κ(Ã) in (2.11) requires an ML with a high
condition number. Note that in this case, as discussed in the previous section, we may have to
set uA � u and can get away with uL � uA. The bound (2.12) indicates that if we achieve
a small κ(Â) at the price of κ(MR) ≈ κ(A), then we cannot guarantee a smaller forward
error than when no preconditioning is used because unpreconditioned FGMRES is equivalent
to unpreconditioned GMRES in uniform precision with backward error bounded by cnu

1−cnu ,
where c is a constant [15], n is the dimension of A, and u is the unit roundoff.

2.4. Left-, right-, or split-preconditioning. As previously stated, the split-preconditi-
oning approach allows us to analyze the left- and right-preconditioned cases as well. In this
section, we explore which preconditioning strategy may be preferred under certain objectives.
The discussion is based on the bounds for the backward and forward error. We first simplify
these for left- and right-preconditioning.
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If only left-preconditioning is used, then MR = I , ER = 0, Z̄k = V̄k, and
ρ = 1.3c(n, k)u, and Algorithm 1 is equivalent to left-preconditioned GMRES. The dominant
term in the relative backward error for the preconditioned system is thus

ζ2 = (u+ uAψA + uLψL) ‖Ã‖ (‖x̄k − x̄0‖+ ‖x̄0‖)

≈ (u+ uAψA + uLψL) ‖Ã‖‖x̄k‖,
(2.13)

where the approximation holds if ‖x̄k‖ ≈ ‖x̄0‖ or x̄0 = 0. This is equivalent to the result for
left-preconditioned GMRES in [17, Theorem 7.1].

In the right-preconditioning case, we have ML = I , EL = 0 and ψL = 0, and
uAψA = maxj{‖∆Ajzj‖/‖A‖‖zj‖}. Then (2.9) gives the bound for the relative backward
error for the original system (1.1), and

ζ1 = u‖b‖ and ζ2 = (u+ uAψA) ‖A‖
(
‖Z̄k‖‖MR(x̄k − x̄0)‖+ ‖x̄0‖

)
.

We make the following observations.
• Consider the case where a small backward error is the main concern and A is ill-

conditioned. If we have a ‘good’ preconditioner, so that κ(Ã) is small and we can
afford setting uA and uL to precisions that are high enough to neutralize the ψA and
ψL terms, then Corollary 2.2 and (2.13) can guarantee a small relative backward
error when full left-preconditioning is used. If, however, we cannot afford setting
uA and uL to high precisions but can construct a split-preconditioner such that
κ(ML) is small, then split-preconditioning (note that in this case ψA and ψL may be
smaller too) or full right-preconditioning may be preferential. Note, however, that a
small backward error for these options can only be guaranteed if ‖Z̄k‖ is expected
to be small or if the bounds for ‖ȳk‖ are reworked taking into account a specific
preconditioner in order to control ‖Z̄k‖ (as for the right-preconditioning with an LU
decomposition in [4]).

• If we are aiming for a small forward error and can obtain a small relative backward
error with full left-preconditioning as detailed above, then this approach also gives a
small forward error. If we, however, do not have the flexibility of setting uA and uL,
then it is not clear from the bounds which preconditioning approach gives the best
results.

• Assume that our main concern is applying the preconditioner in lower than the
working precision. This may be relevant, for example, when A is very sparse and
the preconditioner uses some dense factors. In this case, the bounds suggest that
full left-preconditioning should not be used as uAψA and uLψL may be large. Full
right-preconditioning may be suitable in this case although the bound is affected
by ‖Z̄k‖.

3. Example: LU preconditioner. We supplement the theoretical analysis in the previous
section with an example. Assume that an approximate LU decomposition of A is computed,
for example in low precision, and the computed factors L̄ and Ū are used for preconditioning.
We choose this preconditioning due to its effectiveness and ease of application; note that there
is no structural advantage to applying it as a left-, split- or right-preconditioner.

If split-preconditioning is used, then ML = L̄ and MR = Ū . In Algorithm 1, products
with A are computed in precision uA, and hence

(3.1) ψA,j =
‖M−1L ∆Ajzj‖
uA‖Ã‖‖zj‖

≤ c̃1(n)
‖|L̄−1||A|‖‖zj‖
‖L̄−1A‖‖zj‖

= c̃1(n)
‖|L̄−1||A|‖
‖L̄−1A‖

,
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where c̃i(n) is a constant that depends on n. We expect ‖|L̄−1||A|‖/‖L̄−1A‖ to be moderate
for many systems, and in this case setting uA = u may be sufficient.

We apply ML by solving a triangular system L̄wj = (A + ∆Aj)zj via substitution in
precision uL. From standard results we know that the computed w̄j satisfies

(L̄+ ∆Lj)w̄j = (A+ ∆Aj)zj , where |∆Lj | ≤ c̃2(n)uL|L̄|.

Thus,

∆ML,j = L̄−1 − (L̄+ ∆Lj)
−1 ≈ L̄−1∆LjL̄

−1.

We use this to bound ψL,j as

ψL,j =
‖∆ML,jAzj‖
uL‖Ã‖‖zj‖

≈ ‖L̄
−1∆LjL̄

−1Azj‖
uL‖L̄−1A‖‖zj‖

≤ ‖L̄
−1∆Lj‖‖L̄−1A‖‖zj‖
uL‖L̄−1A‖‖zj‖

≤ c̃3(n)κ2(L̄).

(3.2)

The bound (3.2) is obtained using the bound for the forward error of solving a triangular
system. In general, such systems are solved to high accuracy, and thus we expect (3.2) to be a
large overestimate. Note that the bounds (3.1) and (3.2) hold for every j.

When using full left-preconditioning, ML = L̄Ū and MR = I . This case is considered
in [17]. We bound ψA,j in a similar way as in the split-preconditioned case, i.e.,

ψA,j ≤ c̃4(n)
‖|Ū−1L̄−1||A|‖
‖Ū−1L̄−1A‖

,

which can be expected to be moderate in many cases as well. Applying ML now requires
consecutively solving two triangular systems of equations, that is,

(L̄+ ∆Lj)(Ū + ∆Uj)w̄j = (A+ ∆Aj)zj , where
|∆Uj | ≤ c̃5(n)uL|Ū | and |∆Lj | ≤ c̃6(n)uL|L̄|.

This gives

∆ML,j = Ū−1L̄−1 − (Ū + ∆Uj)
−1(L̄+ ∆Lj)

−1

≈ Ū−1L̄−1∆LjL̄
−1 + Ū−1∆UjŪ

−1L̄−1,
(3.3)

where we omit the term involving ∆Lj∆Uj , and hence

ψL,j ≤
‖Ū−1L̄−1∆LjL̄

−1Azj‖+ ‖Ū−1∆UjŪ
−1L̄−1Azj‖

uL‖Ū−1L̄−1A‖‖zj‖

≤‖Ū
−1‖‖|L̄−1||L|‖‖L̄−1A‖
‖Ū−1L̄−1A‖

+ ‖|Ū−1||U |‖

=
‖Ū−1‖‖L̄−1A‖
‖Ū−1L̄−1A‖

cond(L̄) + cond(Ū),

where cond(B) = ‖|B−1||B|‖. As discussed in [17], cond(L̄) and cond(Ū) are modest when
using partial pivoting. The term ‖Ū−1‖, however, can be large for an ill-conditioned A.

For full right-preconditioning, ML = I and MR = L̄Ū . Then ψL,j = 0, and

(3.4) ψA,j =
‖∆Ajzj‖
uA‖A‖‖zj‖

≤ ‖|A|‖
‖A‖

≤
√
n,

where the final inequality is due to ‖|A|‖2 ≤
√

rank(A)‖A‖2; cf. [9, Lemma 6.6]. We can
thus use uA = u in most cases.
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TABLE 3.1
Unit roundoff u for IEEE floating point arithmetics.

Arithmetic u

fp16 (half) 2−11 ≈ 4.88× 10−4

fp32 (single) 2−24 ≈ 5.96× 10−8

fp64 (double) 2−53 ≈ 1.11× 10−16

fp128 (quadruple) 2−113 ≈ 9.63× 10−35

3.1. Numerical example: synthetic dense systems with split-preconditioning. We
perform numerical experiments in MATLAB R2021a1 using a setup similar to an example
from [4]. An n× n coefficient matrix A = UDV is constructed by generating random orthog-
onal n×n matrices U and V and setting D to be diagonal with elements 10−c(j−1)/(n−1), for
j = 1, 2, . . . , n. The condition number of A is 10c, and we vary its value. The right-hand side
b is a random vector with uniformly distributed entries. The preconditioner is computed as a
low-precision LU factorization. Namely, for c ∈ {1, 2, . . . , 5}, we use [L̄, Ū ] = lu(mp(A, 4)),
where mp(·, 4) calls the Advanpix Multiprecision Computing Toolbox [2] and simulates pre-
cision accurate to four decimal digits; note that this has a smaller unit roundoff than IEEE half
precision (see Table 3.1 for the unit roundoff values). For c ∈ {6, 7, . . . , 10}, we compute an
LU factorization in single precision using the built-in MATLAB single-precision data type.
We set ML = L̄ and MR = Ū , and EL = |L̄−1||L̄||L̄−1| and ER = |Ū−1||Ū ||Ū−1|. The
left-preconditioner can slightly reduce the condition number of the coefficient matrix whereas
the split-preconditioner achieves a high reduction (Table 3.2).

We set the working precision u to double. Bounds for ψA in Table 3.2 indicate that
there is no need for uA < u, thus we choose uA = u. The preconditioners are applied
using all combinations of half, single, double, and quadruple precisions. Half precision is
simulated via the chop function [11], and Advanpix is used for quadruple precision. We expect
κ(ML) to be a large overestimate for ψL. κ(MR) suggests that the condition ρ < 1 in (2.6)
should be satisfied with uR set to any of the four precisions, except half for large c-values.
We approximate ‖ER‖/‖M−1R ‖ by min{‖|Ū−1||Ū |‖, ‖|Ū ||Ū−1|‖} in Table 3.2, where we
round to the nearest whole number. If uR is set to half precision, then u−1R = 2048, which is
slightly smaller than the values of min{‖|Ū−1||Ū |‖, ‖|Ū ||Ū−1|‖} for c ≥ 6. This indicates
that applying MR in half precision may affect the backward error, however, note that our
choice for ER is expected to be an overestimate. The solver tolerance τ (see Algorithm 1) is
set to 4u, and we use x0 = 0. For the unpreconditioned system, FGMRES converges in 200
iterations when c = 1 and does not converge for other c-values.

We show results for c = 5 for all precision combinations (Figure 3.1) and for all c-values
with uL set to single and uR set to double (Table 3.3) and uL set to double and uR set to single
(Table 3.4). We report the relative backward error (BE) of the original problem, that is,

‖b−Ax̄k‖
‖b‖+ ‖A‖‖x̄k‖

and compute the dominant part of the backward error bound ζ (as defined in (2.10)). Note that
ζ bounds the relative backward error for the left-preconditioned system.

From Figure 3.1, we can see that the achievable backward error and subsequently the
forward error depends on uL. As expected from theory, uR does not affect the achievable
backward error, however, uR influences the iteration count. Setting uL to half results in extra
iterations when c = 1, c = 2, and c = 6 (not shown). Note that setting uL to quadruple

1The code is available at https://github.com/dauzickaite/mpfgmres/.
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TABLE 3.2
Synthetic problems. Condition numbers of the unpreconditioned and preconditioned coefficient matrices and

preconditioners, and bounds for ψA and ψL (κ(ML) is also the bound for ψL). The preconditioners are computed
in precision accurate to four decimal digits for c < 6 and in single precision for c ≥ 6.

c κ(A) κ(Ã) κ(Â) κ(MR) κ(ML) ψA bound ‖ER‖
‖M−1

R ‖
approx.

1 10 2.69× 102 1.06 2.69× 102 3.05× 102 4.85× 101 615
2 102 4.80× 102 1.15 4.80× 102 3.23× 102 6.30× 101 1551
3 103 1.69× 103 1.66 1.69× 103 3.09× 102 7.27× 101 1853
4 104 1.40× 104 1.06× 101 1.43× 104 2.79× 102 1.64× 102 1949
5 105 7.73× 104 3.25× 102 1.10× 105 2.85× 102 1.18× 102 2048
6 106 4.68× 105 1.14 4.69× 105 2.64× 102 2.54× 102 2144
7 107 2.76× 106 2.34 2.74× 106 3.50× 102 1.80× 102 2336
8 108 3.98× 107 7.00× 101 4.04× 107 3.41× 102 1.03× 102 2551
9 109 3.19× 108 5.44× 103 4.78× 108 3.95× 102 1.37× 102 2716

10 1010 4.49× 109 5.88× 104 5.72× 108 3.06× 102 1.46× 102 2768

TABLE 3.3
Synthetic problems with uL single and uR double. IC denotes the iteration count, BE is the relative backward

error, and FE is the relative forward error. For c = 10, the solver is terminated at 200 iterations without satisfying
the convergence criteria.

c IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ψL ρ

1 6 2.45× 10−7 1.61× 10−6 2.91× 10−7 5.04× 101 1.21 2.22 1.44× 10−15

2 7 3.82× 10−8 1.31× 10−6 9.34× 10−8 2.92× 102 2.08 7.46× 10−1 3.59× 10−15

3 9 5.76× 10−9 1.46× 10−6 2.56× 10−8 2.53× 103 3.79 1.88× 10−1 1.51× 10−14

4 15 5.45× 10−10 1.27× 10−6 3.14× 10−9 2.30× 104 3.55 2.19× 10−2 1.46× 10−13

5 35 1.03× 10−10 2.59× 10−6 2.51× 10−9 8.39× 105 4.58 4.28× 10−3 2.66× 10−12

6 7 6.37× 10−12 1.58× 10−6 5.30× 10−11 1.35× 106 4.81 5.08× 10−4 4.88× 10−12

7 11 5.88× 10−13 9.77× 10−7 8.25× 10−12 1.42× 107 8.09 6.88× 10−5 3.28× 10−11

8 21 7.11× 10−14 8.24× 10−7 1.72× 10−12 2.71× 108 6.08 6.95× 10−6 8.31× 10−10

9 92 7.97× 10−14 8.82× 10−6 1.32× 10−11 4.02× 1010 6.82 3.33× 10−6 4.48× 10−8

10 200 1.21× 10−13 2.09× 10−4 2.30× 10−11 5.95× 1011 8.28 3.68× 10−6 6.97× 10−8

and uR to double or quadruple does not give any benefit. As mentioned, the backward
error bound (2.9) is dominated by ζ2. From Tables 3.3 and 3.4, we can see that the quantity
‖Z̄k‖‖MR(x̄k − x̄0)‖ can become large, but it stays of the order of ‖x̄k‖ or close to it (not
shown), and thus ζ gives a good estimate of the backward error. If, however, ‖x‖ is small,
then the term ‖Z̄k‖‖MR(x̄k − x̄0)‖ can impair the bound. The increase in the forward
error compared to the backward error is well estimated by κ(Ã), whereas κ(Â)κ(MR) is an
overestimate. From Figure 3.1, we see that the condition ρ < 1 is sufficient but not necessary
as it is not satisfied when c = 5 and uR is set to half.

3.2. Numerical example: left- and right-preconditioning. We also perform exper-
iments with full left- (i.e., ML = L̄Ū and MR = I) and full right-preconditioning (i.e.,
ML = I and MR = L̄Ū ) using the same set-up as in the previous section. For the left-
preconditioning case using (3.3), we set

EL = |Ū−1L̄−1||L̄||L̄−1|+ |Ū−1||Ū ||Ū−1L̄−1| and ER = 0.

Equivalently, for the right-preconditioning case,

ER = |Ū−1L̄−1||L̄||L̄−1|+ |Ū−1||Ū ||Ū−1L̄−1| and EL = 0.

Both left- and right-preconditioners are effective in reducing the condition number of the coef-
ficient matrix (see Table 3.5). Note that the bounds for ψA and ψL in the left-preconditioning

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

MIXED PRECISION FGMRES 51

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

1e-16

1e-16

2e-10

1e-16

1e-16

9e-11

1e-16

1e-16

1e-10

1e-16

1e-16

1e-10

2e-06 8e-07 8e-07 8e-07
10

-15

10
-10

(a) BE

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

3e-12

3e-12

4e-06

2e-12

2e-12

2e-06

3e-12

2e-12

3e-06

2e-12

3e-12

3e-06

5e-02 2e-02 1e-02 1e-02 10
-10

10
-5

(b) FE

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

3e-15

3e-15

1e-08

5e-15

5e-15

3e-09

6e-15

5e-15

3e-09

5e-15

6e-15

3e-09

1e-04 3e-05 4e-05 4e-05

10
-10

10
-5

(c) ζ

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

41

41

44

34

34

34

34

34

35

35

35

34

34

35

35

61

35

40

45

50

55

60

(d) iterations

Half Single Double Quad

u
R

Allu
L 7e-07 3e-12 3e-125e+01

10
0

(e) ρ

FIG. 3.1. Synthetic problem, c = 5. BE is the relative backward error, and FE is the relative forward error, ζ is
as defined in (2.10), and ρ is as defined in (2.6).

case indicate that ψL may have to be applied in a precision such that uL ≤ u for all prob-
lems, and we may need uA ≤ u for highly ill-conditioned cases. For right-preconditioning,
from (3.4), we know that ψA can be bounded by

√
n ≈ 14, and thus we can set uA = u.

We use ‖|L̄||L̄−1|‖ + ‖|Ū−1||Ū |‖ to approximate ‖ER‖/‖M−1R ‖ in Table 3.5. As in the
split-preconditioning case, the values are larger than u−1R for half precision.

Experiments with u = uA = uL set to double (Table 3.6) show that the bounds for ψL

in Table 3.5 largely overestimate the error in applying the preconditioner, and even though
the bounds for ψA are quite close to the obtained values, we still obtain an O(u) relative
backward error for the unpreconditioned system. Note that the ζ-values are increased by ψA.
If we keep u = uA set to double and set uL to single, then the relative backward error for the
unpreconditioned system reaches O(uL), and uLψL determines ζ (Table 3.3). This agrees
with the split-reconditioning results.

We keep u = uA set to double for right-preconditioning experiments (Tables 3.8 and 3.9).
Note that the relative backward error reaches O(u) with uR set to both double and single,
except for κ(A) = 1010 with uR set to single. The number of iterations when uR is set to
single grows for highly ill-conditioned problems. Though the term ‖Z̄k‖‖MR(x̄k−x̄0)‖ grows
as in the split-preconditioning case, it is balanced by ‖x̄k‖ here. Note that in these experiments
the bound in [4, Equation (3.22) ] is applicable for c ≥ 6. Here Γ = ‖|L||U |‖/‖A‖ = O(10),
and the term

√
uΓ‖A‖‖Z̄k‖ is thus small ensuring a tight bound for the backward error.

The results for c = 5 for all choices of uL and uR are presented in Figure 3.2. Comparing
these with the skew diagonals (/) of the respective heatmaps in Figure 3.1, that is, when the
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TABLE 3.4
Synthetic problems with uL double and uR single. IC denotes the iteration count, BE is the relative backward

error and FE is the relative forward error. For c = 10, the solver is terminated at 200 iterations without satisfying
the convergence criteria.

c IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ψL ρ

1 6 5.14× 10−16 3.04× 10−15 1.17× 10−15 5.05× 101 1.26 2.48 1.29× 10−9

2 7 1.20× 10−16 3.61× 10−15 7.69× 10−16 2.92× 102 1.66 6.33× 10−1 3.06× 10−9

3 9 8.62× 10−17 2.07× 10−14 1.19× 10−15 2.53× 103 3.46 2.45× 10−1 1.31× 10−8

4 15 6.91× 10−17 1.36× 10−13 1.12× 10−15 2.30× 104 3.19 2.44× 10−2 1.05× 10−7

5 34 1.42× 10−16 2.45× 10−12 5.20× 10−15 8.20× 105 3.86 5.87× 10−3 6.88× 10−7

6 7 5.17× 10−17 8.85× 10−12 9.97× 10−16 1.31× 106 4.28 7.65× 10−4 3.81× 10−6

7 11 4.97× 10−17 6.91× 10−11 1.59× 10−15 1.40× 107 6.23 1.11× 10−4 2.40× 10−5

8 21 6.58× 10−17 5.29× 10−10 2.41× 10−15 2.29× 108 5.18 1.71× 10−5 3.38× 10−4

9 158 2.91× 10−16 4.98× 10−8 7.65× 10−14 4.28× 1010 8.79 7.92× 10−6 3.16× 10−3

10 200 4.69× 10−16 5.71× 10−7 8.81× 10−14 5.24× 1011 7.62 7.24× 10−6 4.38× 10−3

TABLE 3.5
Synthetic problems. Condition numbers of the preconditioned coefficient matrices with full left- and right-

preconditioning, and bounds for ψA and ψL (left-preconditioning only). The preconditioners are computed in
precision accurate to four decimal digits for c < 6 and in single precision for c ≥ 6.

left-preconditioning right-preconditioning
c κ(Ū−1L̄−1A) ψA bound ψL bound κ(AŪ−1L̄−1) ‖ER‖/‖M−1R ‖ approx.
1 1.01 2.76× 102 3.79× 105 1.01 2.74× 103

2 1.02 1.40× 103 6.45× 105 1.02 2.84× 103

3 1.09 9.17× 103 2.35× 106 1.09 3.24× 103

4 1.75 5.53× 104 1.51× 107 1.74 3.27× 103

5 3.09× 101 9.54× 104 1.93× 107 3.09× 101 3.30× 103

6 1.03 4.90× 106 6.04× 108 1.03 3.39× 103

7 1.31 3.79× 107 3.12× 109 1.30 3.66× 103

8 7.79 1.39× 108 1.93× 1010 7.56 3.96× 103

9 4.75× 103 8.72× 107 7.14× 109 1.96× 103 4.08× 103

10 2.49× 105 1.01× 108 3.75× 109 4.03× 104 4.08× 103

preconditioners are applied in the same precision, shows that applying the full preconditioner
on the left gives larger relative backward and consequentially forward errors when the precon-
ditioner is applied in low precision. This is not the case when the full preconditioner is applied
on the right. It is curious that the iteration count with left-, right-, and split-preconditioning is
essentially different only when the preconditioner is applied in half precision. The results for
different c-values are similar.

3.3. Numerical example: application problems with split-preconditioning. We per-
form experiments with some ill-conditioned problems from the SuiteSparse collection [8];
see Table 3.10. We generate the right-hand side vector b in the same way as for the synthetic
problems. The preconditioner is computed as in the previous section, but in single precision,
and the matrix A is converted to a full matrix due to the lacking single-precision sparse
matrix-vector product functionality in MATLAB. We report results for split-preconditioning
only; these illustrate the trends in the left- and right-preconditioning cases well. Note that the
split-preconditioner reduces the condition number to the theoretical minimum or close to it,
except for the problem with the highest κ(A). However κ(Ã) and κ(MR) are of the order of
κ(A), and thus we expect to see its effect on the forward error. We set uA and u to double
based on the ψA bound; uL and uR are set as in the previous sections. Unpreconditioned
FGMRES does not converge in n iterations for any of the problems.
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FIG. 3.2. As in Figure 3.1, but for full left- and right-preconditioning. The left panel shows results for different
choices of uL, and the right panel shows results for different choices of uR. IC is the iteration count.

TABLE 3.6
Synthetic problems with full left-preconditioning and uL set to double. IC denotes the iteration count, BE is the

relative backward error, and FE is the relative forward error.

c IC BE FE ζ ψA ψL

1 6 1.60× 10−15 6.77× 10−15 5.21× 10−15 6.41 4.68× 101

2 7 9.17× 10−16 8.39× 10−15 8.42× 10−15 2.99× 101 4.64× 101

3 9 4.56× 10−16 2.31× 10−14 2.66× 10−14 1.95× 102 4.41× 101

4 15 3.53× 10−16 1.61× 10−13 1.55× 10−13 1.36× 103 4.23× 101

5 34 3.33× 10−16 1.06× 10−12 2.63× 10−13 2.35× 103 1.35× 101

6 7 1.31× 10−16 1.14× 10−11 1.13× 10−11 1.01× 105 4.26× 101

7 11 1.17× 10−16 7.71× 10−11 1.23× 10−10 1.10× 106 5.43× 101

8 21 1.12× 10−16 5.25× 10−10 4.03× 10−10 3.63× 106 4.50× 101

9 47 3.90× 10−16 8.10× 10−9 3.27× 10−10 2.94× 106 8.02× 101

10 124 6.69× 10−16 1.42× 10−7 5.78× 10−10 5.20× 106 9.46× 103

Approximations of ‖ER‖/‖M−1R ‖ indicate that the backward error may be affected if we
apply MR in half precision for arc130 and west0132. However, we cannot test this as for all
problems except rajat14, MR is singular with respect to uR set to half. This may be amended
by using scaling strategies when computing the preconditioner; see, for example, [12]. We
observe similar tendencies (Figures 3.3 and 3.4) as for the dense problems, however, here
we can achieve smaller backward error, and for fs_183_3, the backward error is O(u) even
with uL set to half. Note that for sparse problems, setting uL to a low precision results in
iteration-wise slower convergence. The term ‖Z̄k‖‖MR(x̄k − x̄0)‖ grows as for the dense
problems but is balanced by ‖x̄k‖; see Tables 3.11 and 3.12.

In all of our sparse and dense examples, ψA/ψL does not become large enough to allow
setting uL > uA without it affecting the backward error. However for fs_183_3, both ψA and
ψL are small enough that we can set uA and uL to single and expect an O(u) backward error.
Numerical experiments confirm this even though the backward and forward errors become
slightly larger compared to uA set to double (not shown).

4. Concluding remarks. In light of great community focus on mixed-precision compu-
tations, we analyzed a variant of split-preconditioned FGMRES that allows using different
precisions for computing matrix-vector products with the coefficient matrix A (unit roundoff
uA), the left-preconditioner ML (unit roundoff uL), the right-preconditioner MR (unit round-
off uR), and other computations (unit roundoff u). A backward error of a required level can
be achieved by controlling these precisions.
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TABLE 3.7
As in Table 3.6, but for uL set to single. IC denotes the iteration count, BE is the relative backward error, and

FE is the relative forward error.

c IC BE FE ζ ψA ψL

1 6 9.29× 10−7 3.85× 10−6 2.32× 10−6 6.48 4.52× 101

2 7 6.07× 10−7 4.25× 10−6 2.56× 10−6 2.86× 101 4.38× 101

3 9 2.60× 10−7 2.76× 10−6 2.55× 10−6 2.07× 102 4.29× 101

4 15 1.72× 10−7 4.97× 10−6 2.15× 10−6 1.32× 103 3.61× 101

5 34 2.78× 10−7 7.99× 10−6 8.52× 10−7 3.08× 103 1.43× 101

6 7 1.00× 10−7 3.99× 10−6 2.84× 10−6 1.06× 105 4.76× 101

7 11 4.41× 10−8 4.41× 10−8 3.52× 10−6 9.85× 105 5.90× 101

8 21 5.01× 10−8 4.46× 10−6 2.67× 10−6 3.37× 106 4.48× 101

9 47 1.55× 10−7 3.23× 10−5 3.98× 10−6 3.99× 106 6.67× 101

10 114 2.56× 10−7 2.74× 10−2 4.55× 10−3 5.78× 106 7.63× 104

TABLE 3.8
Synthetic problems with full right-preconditioning and uR set to double. IC denotes the iteration count, BE is

the relative backward error, and FE is the relative forward error.

c IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ρ

1 6 1.18× 10−16 6.83× 10−16 4.31× 10−16 4.24× 101 1.41 5.96× 10−16

2 7 9.15× 10−17 2.73× 10−15 5.10× 10−16 3.34× 102 9.58× 10−1 4.69× 10−15

3 9 8.00× 10−17 1.82× 10−14 6.39× 10−16 3.47× 103 8.48× 10−1 4.88× 10−14

4 15 8.13× 10−17 1.50× 10−13 1.50× 10−13 3.26× 104 6.53× 10−1 4.60× 10−13

5 34 1.39× 10−16 1.65× 10−12 1.62× 10−15 7.79× 105 5.95× 10−1 1.01× 10−11

6 7 5.08× 10−17 1.04× 10−11 5.77× 10−16 2.49× 106 6.09× 10−1 3.50× 10−11

7 11 5.93× 10−17 7.32× 10−11 4.66× 10−16 1.92× 107 5.48× 10−1 2.69× 10−10

8 21 4.87× 10−17 7.15× 10−10 9.40× 10−16 3.76× 108 4.71× 10−1 5.25× 10−9

9 61 3.13× 10−16 4.04× 10−8 9.87× 10−15 3.77× 1010 4.32× 10−1 3.06× 10−7

10 200 8.15× 10−16 1.44× 10−6 4.71× 10−14 1.53× 1012 5.77× 10−1 1.62× 10−6

TABLE 3.9
As in Table 3.8, but for uR set to single. IC denotes the iteration count, BE is the relative backward error, and

FE is the relative forward error.

c IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ρ

1 6 1.21× 10−16 6.77× 10−16 4.18× 10−16 4.25× 101 1.34 1.09× 10−7

2 7 9.06× 10−17 3.21× 10−15 4.88× 10−16 3.34× 102 8.72× 10−1 1.94× 10−7

3 9 7.87× 10−17 1.88× 10−14 6.15× 10−16 3.48× 103 7.73× 10−1 7.15× 10−7

4 15 7.62× 10−17 1.25× 10−13 6.32× 10−16 3.26× 104 6.72× 10−1 4.98× 10−6

5 34 1.15× 10−16 1.91× 10−12 1.63× 10−15 7.79× 105 6.05× 10−1 2.39× 10−5

6 7 5.31× 10−17 9.20× 10−12 9.20× 10−12 1.25× 106 4.42× 10−1 1.48× 10−4

7 11 4.63× 10−17 6.76× 10−11 3.39× 10−16 1.42× 107 5.21× 10−1 7.40× 10−4

8 27 6.27× 10−17 5.69× 10−10 5.82× 10−16 2.35× 108 4.58× 10−1 4.58× 10−1

9 200 1.97× 10−16 2.25× 10−8 1.86× 10−14 6.94× 1010 4.71× 10−1 1.77× 10−1

10 200 1.41× 10−15 2.29× 10−6 3.98× 10−14 1.32× 1012 5.43× 10−1 2.22× 10−1

TABLE 3.10
As in Table 3.2 but for SuiteSparse problems.

problem n κ(A) κ(Ã) κ(Â) κ(MR) κ(ML) ψA bound ‖ER‖
‖M−1

R ‖
approx.

rajat14 180 3.22× 108 1.44× 108 1.01 1.44× 108 9.72× 101 1.13 33
arc130 130 6.05× 1010 6.05× 1010 1.00 6.05× 1010 2.64 1.00 479471

west0132 132 4.21× 1011 2.20× 1011 1.12 2.20× 1011 7.49 1.00 3619199
fs_183_3 183 3.27× 1013 2.39× 1013 1.00 2.39× 1013 4.73× 101 6.74× 10−1 267
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TABLE 3.11
As in Table 3.3 but for SuiteSparse problems: uL is set to single, uR is set to double.

problem IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ψL ρ

rajat14 3 7.89× 10−13 1.84× 10−6 1.18× 10−11 5.14× 102 1.42× 10−2 1.06× 10−4 3.11× 10−11

arc130 3 1.73× 10−18 2.14× 10−8 1.41× 10−16 1.02× 106 5.99× 10−6 4.80× 10−10 4.02× 10−6

west0132 4 2.30× 10−17 2.93× 10−6 4.84× 10−16 6.46× 104 1.87× 10−5 6.05× 10−9 3.00× 10−7

fs_183_3 3 2.41× 10−20 1.31× 10−8 1.31× 10−16 1.53× 105 9.38× 10−12 5.32× 10−13 9.17× 10−4

TABLE 3.12
As in Table 3.4 but for SuiteSparse problems: uL is set to double, uR is set to single.

problem IC BE FE ζ ‖Z̄k‖‖MR(x̄k − x̄0)‖ ψA ψL ρ

rajat14 3 1.25× 10−19 6.19× 10−15 1.19× 10−16 2.97× 102 7.46× 10−3 1.18× 10−4 1.15× 10−6

arc130 5 3.43× 10−22 1.83× 10−16 1.11× 10−16 1.02× 106 2.14× 10−6 5.51× 10−11 6.49× 10−4

west0132 5 1.48× 10−21 4.80× 10−15 1.13× 10−16 6.39× 104 1.98× 10−5 6.16× 10−9 2.04× 10−1

fs_183_3 3 1.52× 10−27 1.05× 10−15 1.25× 10−16 1.47× 105 1.87× 10−11 1.71× 10−12 1.38

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

2e-19

1e-19

7e-13

2e-19

1e-19

8e-13

8e-20

1e-19

8e-13

2e-19

2e-19

8e-13

3e-09 7e-09 7e-09 7e-09

10
-15

10
-10

(a) BE, rajat14

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

5e-22

3e-22

2e-18

7e-22

4e-22

2e-18

6e-22

5e-22

2e-18

1e-14 1e-14 1e-14
10

-20

10
-15

NaN

(b) BE, arc130

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

2e-14

1e-14

1e-07

9e-15

6e-15

1e-14

7e-15

8e-15

8e-15

2e-03

2e-06

2e-03

2e-06

2e-03

2e-06

2e-03

10
-10

10
-5

(c) FE, rajat14

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

2e-16

2e-16

2e-08

2e-16

2e-16

2e-08

2e-16

2e-16

2e-08

1e-04 1e-04 1e-04

10
-10

NaN

(d) FE, arc130

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

8

8

8

3

3

3

6

3

3

3

6

3

3

3

610 4

6

8

10

(e) iterations, rajat14

Half Single Double Quad

u
R

Quad

Double

Single

Half

u
L

4

3

3

3

3

3

3

5

5

5 5 5
3

3.5

4

4.5

5

NaN

(f) iterations, arc130

FIG. 3.3. SuiteSparse problems rajat14 and arc130. BE is the relative backward error, and FE is the relative
forward error.
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FIG. 3.4. SuiteSparse problems west0132 and fs_183_3. BE is the relative backward error, and FE is the
relative forward error.

Our analysis and numerical experiments show that the precision for applying ML must be
chosen in relation to u, uA, and the required backward and forward errors, because uL heavily
influences the achievable backward error. We can be more flexible when choosing uR as it
does not influence the backward error directly. Our analysis holds under a sufficient but not
necessary assumption on uR in relation to MR. As long as MR is not singular in precision
uR (note that scaling strategies may be used to ensure this), setting uR to a low precision
is sufficient. Very low precisions uL and uR may delay the convergence iteration-wise, yet
setting uL ≤ u or uR ≤ u does not improve the convergence in general. Note that these
conclusions apply to the full left- and right-preconditioning cases as well.

We observe that the forward error is determined by the backward error and the condition
number of the left-preconditioned coefficient matrix. This motivates concentrating effort on
constructing an appropriate left-preconditioner when aiming for a small forward error: the
preconditioner should reduce the condition number sufficiently and needs to be applied in a
suitably chosen precision.

Appendix A. Proof of Theorem 2.1. The analysis closely follows [5] and [4], and thus
we provide the important results for each stage rather than a step-by-step analysis.
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A.1. Left preconditioner. We start by accounting for the effect of ML.

A.1.1. Stage 1: MGS. In this stage, we use precisions u, uA, and uL. MGS is applied to

C̄(k) =
[
fl(M−1L r̄0) fl(ÃZ̄k)

]
.

MGS returns an upper triangular matrix R̄k, and there exists an orthonormal matrix V̂k+1, that
is V̂ T

k+1V̂k+1 = Ik+1, such that[
b̃− Ãx̄0 ÃZ̄k

]
+
[
f1 + f2 + f3 F

(1)
k + F

(2)
k

]
= V̂k+1R̄,

‖f1‖ ≤ (uAψA + uLψL)‖Ã‖‖x̄0‖,

‖f2‖ ≤ c1(n)uL‖ELML‖‖b̃‖+ u
(
‖b̃‖+ (1 + uAψA + uLψL)‖Ã‖‖x̄0‖

)
,

‖f3‖ ≤ c2(n)u
(
‖b̃− Ãx̄0‖+ (uAψA + uLψL)‖Ã‖‖x̄0‖+ c1(n)uL‖ELML‖‖b̃‖

)
,

‖F (1)
k ‖ ≤ (uAψA + uLψL)‖Ã‖‖Z̄k‖,

‖F (2)
k ‖ ≤ c3(n, k)u

(
‖ÃZ̄k‖+ (uAψA + uLψL)‖Ã‖‖Z̄k‖

)
.

Here f1 is the error in computing the matrix vector product Ãx̄0, and f2 accounts for computing
M−1L b and adding it to the computed Ãx̄0. The error F (1)

k comes from computing ÃZ̄k. f3,
and F (2)

k arise in the MGS process.

A.1.2. Stage 2: Least-squares. The least-squares problem is solved using precision u.
From the analysis of [5], under assumptions (2.4) and (2.5), the norm of the residual of the
least-squares problem (2.3)

αk = ‖β̄e1 + g[k] − (H̄k + ∆H̄k)ȳk‖

monotonically converges to zero for a finite k ≤ n. We can express αk in the following way:

(A.1) αk = ‖b̃− Ãx̄0 + δr̃0 − Ã(Z̄k + Ẑk)ȳk‖,

where

δr̃0 = f1 + f2 + f3 + V̂k+1g
[k],

Ẑk = Ã−1
(
F

(1)
k + F

(2)
k + V̂k+1∆H̄k

)
,

‖g[k]‖ ≤ c5(k)u‖b̃− Ãx̄0‖+ c5(k)u(uAψA + uLψL)‖Ã‖‖x̄0‖
+ c6(n, k)uuL‖ELML‖‖b̃‖,

‖∆H̄k‖ ≤ c4(k)u‖ÃZ̄k‖+ c7(n, k)u(uAψA + uLψL)‖Ã‖‖Z̄k‖.

A.1.3. Stage 3: Computing x̄k. When certain conditions on the residual norm are
satisfied, precision u is used to compute xk as

x̄k = x̄0 + Z̄kȳk + δxk, ‖δxk‖ ≤ c8(k)u‖Z̄k‖‖ȳk‖+ u‖x̄0‖.

Using this to eliminate Z̄kȳk in (A.1), then applying the reverse triangle inequality to bound
‖b̃− Ãx̄k‖ and bounding ‖δr̃0‖, ‖Ãδxk‖, and ‖ÃẐkȳk‖ gives

‖b̃− Ãx̄k‖ ≤ c11(n, k)
((
u+ (1 + u)(uAψA + uLψL)

)
‖Ã‖

(
‖x̄0‖+ ‖Z̄k‖‖ȳk‖

)
+ (u+ uL(1 + u)‖ELML‖) ‖b̃‖

)
.

(A.2)

We eliminate ‖ȳk‖ from the bound in the following section.
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A.2. Right preconditioner. We now extend the analysis to account for the effect of
applying MR. Under assumption (2.2), Z̄k is computed such that

(A.3) Z̄k = M−1R V̄k + ∆MRV̄k,

where ‖∆MR‖ ≤ c12(n)uR‖ER‖. Then we can obtain

‖ȳk‖ ≤ 1.3
(
‖MR(x̄k − x̄0)‖+ ‖MR‖‖δxk‖+ ‖MR‖‖∆MRV̄k‖‖ȳk‖

)
≤ 1.3c13(n, k)

(
‖MR(x̄k − x̄0)‖+ u‖MR‖‖Z̄k‖‖ȳk‖+ u‖MR‖‖x̄0‖

+ uR‖MR‖‖ER‖‖ȳk‖
)
.

(A.4)

Under assumption (2.6),

‖ȳk‖ ≤
1.3c13(n, k)

1− ρ
(‖MR(x̄k − x̄0)‖+ u‖MR‖‖x̄0‖) .

Using this in (A.2) and dropping the terms u2, uuL, and uuA gives the required result.
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